We present a model for leptonic mixing and the lepton masses based on flavor symmetries and higher-dimensional mass operators. The model predicts bilarge leptonic mixing (i.e., the mixing angles θ 12 and θ 23 are large and the mixing angle θ 13 is small) and an inverted hierarchical neutrino mass spectrum. Furthermore, it approximately yields the experimental hierarchical mass spectrum of the charged leptons. The obtained values for the leptonic mixing parameters and the neutrino mass squared differences are all in agreement with atmospheric neutrino data, the Mikheyev-Smirnov-Wolfenstein large mixing angle solution of the solar neutrino problem, and consistent with the upper bound on the reactor mixing angle. Thus, we have a large, but not close to maximal, solar mixing angle θ 12 , a nearly maximal atmospheric mixing angle θ 23 , and a small reactor mixing angle θ 13 . In addition, the model predicts θ 12 ≃ π 4 − θ 13 .
Introduction
The fermionic sector of the standard model (SM) of elementary particle physics is described by 13 renormalized parameters (6 quark masses, 3 charged lepton masses, 3 CKM mixing angles 3 , and one CP violation phase). Obviously, these parameters are not arbitrary, but exhibit relations which can only be understood when going beyond the SM. One possibility to obtain realistic quark masses and CKM mixing angles in an extension of the SM is to introduce flavor symmetries that are sequentially broken. At the first glance, the hierarchical mass spectra of the quarks and the charged leptons actually suggest underlying non-Abelian flavor symmetry groups acting on the first and second generations only. 4 However, in the light of recent atmospheric [5] [6] [7] [8] [9] and solar [10] [11] [12] [13] [14] [15] [16] [17] neutrino experimental results, it seems to be difficult to extend this idea to the neutrinos. Especially, the result that, among the different possible solutions of the solar neutrino problem, the Mikheyev-Smirnov-Wolfenstein (MSW) [18] [19] [20] large mixing angle (LMA) solution is the presently preferred one [21] [22] [23] 5 , draws a picture of the involved flavor symmetries and their breaking mechanisms that differs remarkably from the early approaches, which have been applied to the quark sector. In the "standard" parameterization, the MSW LMA solution implies that we have a bilarge mixing scenario in the lepton sector in which the solar mixing angle θ 12 is large, but not necessarily close to maximal, the atmospheric mixing angle θ 23 is nearly maximal, and the reactor mixing angle θ 13 is small. Clearly, this is in sharp contrast to the quark sector in which all mixing angles are small [28] and it indicates that the flavor symmetries act on the third generation too.
By assuming only an Abelian U(1) flavor symmetry, one obtains that the atmospheric mixing angle may be large, but cannot be enforced to be nearly maximal [29] [30] [31] . Therefore, a natural close to maximal ν µ -ν τ -mixing can be interpreted as a strong hint for some underlying non-Abelian flavor symmetry acting on the second and third generations [32, 33] . Neutrino mass models which give large or maximal solar and atmospheric mixing angles by putting the second and third generations of the leptons into the regular representation of the symmetric group S 2 [34] or into the irreducible two-dimensional representation of the symmetric group S 3 [35] are, in general, plagued with 3 The mixing angles in the quark sector are usually called the Cabibbo-KobayashiMaskawa (CKM) mixing angles [1, 2] . 4 By placing the first two generations into irreducible representations of flavor symmetries, one can in supersymmetric models achieve near degeneracy of the corresponding squark masses thus suppressing large flavor changing neutral currents [3, 4] . 5 Actually, there exist several recent global solar neutrino oscillation analyses including the latest SNO data that strongly favor the MSW LMA solution of the solar neutrino problem, see, e.g., Refs. [16, 24, 25, 23, 26, 27] . However, we have chosen to list and use the values obtained in Ref. [23] .
a fine-tuning problem in the charged lepton sector, since they tend to predict the muon and tau masses to be of the same order of magnitude, i.e., they lack providing an understanding of the hierarchical mass spectrum in the charged lepton sector. A recently proposed model based on an SU(3) flavor symmetry [4] gives approximately bimaximal leptonic mixing as well as a successful description of the charged fermion masses, but predicts the presently disfavored MSW low mass (LOW) or vacuum oscillation (VAC) solution of the solar neutrino problem. Similarly, the highly predictive models of flavor democracy [36] [37] [38] [39] [40] [41] [42] [43] yield large solar and atmospheric mixing angles, but fit the LOW or VAC solution rather than the MSW LMA solution [44] . In grand unified theory model building, it seems that the MSW LMA solution with a normal hierarchical neutrino mass spectrum is more natural than with an inverted one [45] (for a recent phenomenological analysis of minimal schemes for the MSW LMA solution with inverted hierarchical neutrino mass spectra, see, e.g., Ref. [46] ). Also from empirical lepton and quark mass spectra analyses a normal hierarchical (or inverse hierarchical) neutrino mass spectrum seems to be rather plausible [47] . A comparably simple way of generating the MSW LMA solution with normal hierarchical neutrino mass spectra is, e.g., provided by models based on single right-handed neutrino dominance [48] .
In a previous Letter [49] , we introduced a model for bilarge leptonic mixing based on higher-dimensional operators, using the Froggatt-Nielsen mechanism, and Abelian horizontal flavor symmetries of continuous and discrete types. In this paper, we consider a modified and extended version of this model and we explicitly demonstrate the vacuum alignment mechanism, which produces a nearly maximal atmospheric mixing angle θ 23 as well as a large, but not close to maximal, solar mixing angle θ 12 , as required by the MSW LMA solution. Simultaneously, the vacuum alignment mechanism generates a strictly hierarchical charged lepton mass spectrum thus resolving the finetuning problem many realistic models, which seek to predict the MSW LMA solution, are suffering from. Furthermore, this model gives a small mixing of the first and second generations of the charged leptons, which is comparable with the mixing of the quarks, whereas the mixing among the neutrinos is essentially bimaximal [50] . The actual leptonic mixing angles are then a result of combining the contributions coming from both the charged leptons and the neutrinos (see Fig. 1 ). Thus, the model predicts the relation θ 12 ≃ content of our model including U(1) charges and discrete symmetries. The multi-scalar potential of the model is then analyzed in Sec. 3, where we explicitly demonstrate the vacuum alignment mechanism. Next, in Secs. 4 and 5, the Yukawa interactions of the charged leptons and neutrinos, respectively, are investigated and discussed, which lead to the mass matrices of the corresponding particles. In Sec. 6, the lepton mass matrices are diagonalized yielding the charged lepton masses and the neutrino mass squared differences as well as the charged lepton and neutrino mixing angles (see again Fig. 1 ). In Sec. 7, the total leptonic mixing angles are derived and calculated. Implications for neutrinoless double β-decay, astrophysics, and cosmology are briefly studied in Sec. 8. Finally, in Sec. 9, we present a summary as well as our conclusions.
In addition, we present in the Appendix a scheme for how to transform any given 3 × 3 unitary matrix to the "standard" parameterization form of the Particle Data Group [28] .
The representation content
Let us consider an extension of the SM in which the lepton masses are generated by higher-dimensional operators [51, 52] via the Froggatt-Nielsen mechanism [53] . (A classification of effective neutrino mass operators has been given in Ref. [54] .) Since we are mainly concerned with the question of whether there is a possible naturally maximal ν µ -ν τ -mixing in the MSW LMA solution or not, for which the properties of the quarks are seemingly irrelevant, we will, for simplicity and without loss of generality, omit the quark sector in our further discussion. For a recent related study including also the quark sector, see, e.g., Refs. [55, 56] . In a self-explanatory notation, we will denote the lepton doublets as L α = ( ν αL e αL ), where α = e, µ, τ , and the right-handed charged leptons as E α = e αR , where α = e, µ, τ . The part of the scalar sector, which carries non-zero SM quantum numbers, consists of two Higgs doublets H 1 and H 2 , where H 1 couples to the neutrinos and H 2 to the charged leptons. This can be achieved by assuming, e.g., a discrete Z 2 symmetry under which H 2 and E α (α = e, µ, τ ) are odd and H 1 and the rest of the SM fields are even. The masses of the charged leptons arise through the mixing with additional heavy righthanded charged fermions, which all have masses of the order of magnitude of some characteristic mass scale M 1 . Apart from some general prescriptions of their transformations under the flavor symmetries, which will be introduced below, it is not necessary to explicitly present the fundamental theory of these additional (or extra) charged fermions. This is in contrast to the neutrino sector, which we will extend by five additional heavy SM singlet Dirac neutrinos N e , N µ , N τ , F 1 , and F 2 . The neutrinos F 1 and F 2 are supposed to have masses of the same order M 1 as the charged intermediate Froggatt-Nielsen states, whereas N e , N µ , and N τ all have masses of the order of magnitude of some relevant high (unification) mass scale M 2 . While M 2 takes the role of some seesaw scale [57] [58] [59] (and it is therefore responsible for the smallness of the neutrino masses), M 1 can be as low as several TeV [60, 61] . In order to obtain the structures of the lepton mass matrices from an underlying symmetry principle in the context of a renormalizable field theory, we will furthermore extend the scalar sector by additional SM singlet scalar fields φ 1 , φ 2 , . . . , φ 10 , φ
, and θ and we will assign these fields gauged horizontal U(1) charges Q 1 , Q 2 , and Q 3 as follows:
In the rest of the paper, it will always be understood that the Higgs doublets H 1 and H 2 are total singlet under transformations of other additional symmetries. Note that the charges Q 1 and Q 2 are anomalous. However, it is known that anomalous U(1) charges may arise in effective field theories from strings. Then, the cancellation of the anomalies must be accomplished by the Green-Schwarz mechanism [62] .
The first generation of the charged leptons is distinguished from the second and third generations if we require for P ≡ e 2πi/n , where the integer n obeys n ≥ 5, invariance of the Lagrangian under transformation of the following Z n symmetry:
where we assume that the fields N e , N µ , N τ , F 1 , and F 2 are singlets under transformation of the symmetry D 1 . In addition, the symmetry D 1 forbids the fields φ 1 , φ 2 , . . . , φ 6 to participate in the leading order mass terms for the neutrinos. Furthermore, the permutation symmetries
are responsible for generating a naturally maximal atmospheric mixing angle, since they establish exact degeneracies of the Yukawa couplings in the leptonic 2-3-subsector. These permutation symmetries also play a crucial role in the scalar sector in which they restrict some of the couplings in the multi-scalar potential to be exactly degenerate (at tree level), which means that degenerate vacuum expectation values (VEVs) can emerge after spontaneous symmetry breaking (SSB). This so-called vacuum alignment mechanism can work if we assume the discrete symmetries
where k, l, and m are some integers. For the symmetry D 6 we additionally require that the Froggatt-Nielsen states with non-zero hypercharge can only be multiplied by factors P n , where n is an integer multiple of k, l, or m, and that the differences |k − l|, |k − m|, and |l − m| are sufficiently large. The only fermion with non-vanishing hypercharge that transforms differently is the right-handed electron E e . These symmetries restrict the allowed combinations of the scalar fields in the higher-dimensional lepton mass operators as well as in the renormalizable terms of the multi-scalar potential. Thus, possibly dangerous terms in the multi-scalar potential can be forbidden, which could otherwise spoil the vacuum alignment mechanism.
At this stage, it is appropriate to point out some implications concerning the nature of the discrete symmetries. It has been found that relations between Yukawa couplings established by standard discrete symmetries can only remain unbroken by quantum gravity corrections if the discrete symmetries are gauged [63] . These "discrete gauge symmetries" appear in continuum theories when a gauge symmetry group G is broken to a discrete symmetry sub-group H. Since acceptable continuous gauge theories have to be free from chiral anomalies, one obtains discrete anomaly cancellation conditions, which strongly constrain the massless fermion content of the theory [64] . At a more fundamental level, this implies for our model that the permutation symmetries must actually be gauged, since the relations, which are based on them, will prove to be crucial for obtaining essentially strict maximal atmospheric mixing. However, it is interesting to note that in M-theory, one expects the discrete symmetries to be always anomaly-free [65] .
3 The multi-scalar potential
The two-Higgs doublet potential
From the most general two-Higgs doublet potential of the fields H 1 and H 2 (for an extensive review on electroweak Higgs potentials, see, e.g., Ref. [66] ) we conclude that, in presence of the Z 2 symmetry, which distinguishes between H 1 and H 2 (see Sec. 2), each of these fields appears only to the second or fourth power in the multi-scalar potential. Hence, in any renormalizable terms of the multi-scalar potential, which mix H 1 or H 2 with the SM singlet scalar fields, the Higgs doublets are only allowed to appear in terms of their absolute squares |H 1 | 2 and |H 2 | 2 . Next, since the Higgs doublets carry zero Q 1 , Q 2 , and Q 3 charges and are D i -singlets, where i = 1, 2, . . . , 6, there exists a range of parameters in the multi-scalar potential for which the standard two-Higgs electroweak symmetry breaking is possible. Furthermore, this implies that we can, without loss of generality, separate the SM singlet scalar part from the Higgs-doublet part in the multi-scalar potential by formally absorbing the absolute squares of the VEVs | H 1 | 2 and | H 2 | 2 into the coupling constants of the mixed terms. Then, since the vacuum alignment mechanism of the SM singlet fields is independent from the details of the Higgs doublet physics, we can in what follows discard the effects of the Higgs doublets and fully concentrate on the properties of the SM singlet scalar fields.
Interactions of the fields φ 9 and φ 10
The symmetry D 6 requires that the fields φ 9 and φ 10 enter the renormalizable interactions of the scalar fields only in terms of the operators φ 9 φ 10 , φ † 5,6 , φ
where the last three combinations follow from the D 6 -invariance. Next, the symmetry D 5 implies that φ j = φ † i for the combinations in Eq. (8), i.e., the product is the absolute square φ i φ j = |φ i | 2 . Using the result of the previous paragraph, invariance under transformation of the symmetry D 4 gives for the most general interactions of the fields φ 7 and φ 8 with the other scalar fields the terms
where ϕ i can be any of the scalar fields, which are not identical with the fields φ 7 or φ 8 and c i are some real-valued coupling constants. (Dimension-three terms of the types |φ 7 | 2 ϕ i or |φ 8 | 2 ϕ i , where ϕ i = φ 7 , φ 8 , are forbidden by the U(1) charge assignment and the symmetry D 6 , which does not permute any fields.) Taking everything into account, the U(1) charge assignment and the symmetry D 4 restrict the most general terms in the scalar potential, involving the fields φ 7 and φ 8 , to be
where µ 2 , κ, a, and b are real-valued constants. Parameterizing the VEVs of
where v is some real-valued number, α is the angle which rotates φ 7 and φ 8 , and β 1 and β 2 denote the phases of the VEVs, we observe in Eq. (10) that the first three terms exhibit an accidental U(1) α symmetry. This symmetry is broken by the last two terms, which are therefore responsible for the alignment of the VEVs. Note that the scalar potential is symmetric under the exchange φ 7 ↔ φ 8 and that the term with coefficient a is ∼ ℜ (φ † 7 φ 8 ) 2 . In Eq. (10), we will choose κ > 0 and assume the rest of the coupling constants to be negative. Then, the lowest energy state is characterized by α = π 4 and β 1 − β 2 ∈ {0, π} or equivalently
i.e., the VEVs are degenerate up to a sign. When considering the Yukawa interactions of the neutrinos, it will turn out that the degeneracy of the VEVs is responsible for a nearly maximal atmospheric mixing angle. Thus, we can from now on restrict our discussion of the scalar potential to the fields φ 1 , φ 2 , . . . , φ 6 , and φ
. This discussion will follow in the three coming subsections.
3.5
The potential of the fields φ 1 , φ 2 , . . . , φ 6
In all two-fold and four-fold products involving only the fields φ i (i = 1, 2, . . . , 6), the discrete symmetry D 5 requires the number of these fields, which are denoted by even (or odd) indices, to be even. In the scalar potential, linear and tri-linear terms of the fields φ 1 , φ 2 , . . . , φ 6 are forbidden by the symmetry D 6 . Taking the combinations in Eq. (7) and φ 3,4 φ † 3,4 into account, the allowed twofold products of the fields φ 1 , φ 2 , . . . , φ 6 can only be of the type |φ i | 2 , i.e., they must be absolute squares of the fields. Similarly, we obtain that all four-fold products of the fields φ 1 , φ 2 , . . . , φ 6 must be of the types
where a, b, c, and d are complex-valued constants. Assume that i = j. Then, from Eq. (13) we observe that k = l and we can, without loss of generality, assume that the index-pairs (i, j) and (k, l), respectively, combine the fields which are interchanged by the discrete symmetry D 2 or D 3 . (If i = j, then it follows from Eq. (13) that k = l, which will be discussed below.) Let, in addition, {i, j} = {k, l}. Then, application of the symmetries D 2 and
We can therefore rename the constants as a + d * → a and b + c * → b, where now a and b are real constants, and write the term in Eq. (14) as
Since the fields φ 3 , φ 4 , φ 5 , and φ 6 are singlets under transformation of the discrete symmetry D 2 , we can have a = b in the case that (φ i , φ j ) = (φ 3 , φ 4 ) and (φ k , φ l ) = (φ 5 , φ 6 ). However, if (i, j) = (1, 2), then application of the discrete symmetry D 2 further constrains the constants in the above general form to fulfill a = b, and therefore, the last term in Eq. (15) vanishes.
As a cause of the symmetries D 2 and D 3 , the products (φ i φ † j ) 2 in Eq. (13), where (i, j) = (1, 2), (3, 4) , (5, 6) , appear in the potential always as
where a is some real-valued constant.
Let us now turn the discussion to the terms |φ i | 2 |φ k | 2 in Eq. (13), where i = k. Assume that the fields φ i and φ k cannot be combined into one of the pairs (φ 1 , φ 2 ), (φ 3 , φ 4 ), or (φ 5 , φ 6 ). Then, a general term of this type is on the form
where a, b, c, and d are real-valued constants and (3, 4) , (5, 6)}. Application of the symmetries D 2 and D 3 yields the conditions a = d and b = c, and thus, we can rewrite the above part of the potential as
. (18) If (i, j) = (3, 4) and (k, l) = (5, 6), then in general a = b, since the fields φ 3 , φ 4 , φ 5 , and φ 6 are D 2 -singlets. However, if (i, j) = (1, 2), then a = b and the part in Eq. (18) which is proportional to (a − b)/2 vanishes.
If in the combination |φ i | 2 |φ j | 2 in Eq. (13) the fields (φ i , φ j ) form one of the pairs (φ 1 , φ 2 ), (φ 3 , φ 4 ), or (φ 5 , φ 6 ), then the combination |φ i | 2 |φ j | 2 is a total singlet (on its own) and it can be written directly into the scalar potential as
Moreover, the symmetries D 2 and D 3 enforce the products |φ i | 2 and |φ i | 4 [in Eq. (13)] to appear in the scalar potential only as
where
, κ 1 , κ 2 , and κ 3 are real-valued constants. In total, the most general scalar potential involving only the unprimed fields, but neither the fields φ 7 , φ 8 , φ 9 , and φ 10 nor the product |θ| 2 , reads
where d 1 , d 2 , . . . , d 14 are real-valued constants. We will assume that κ 1 , κ 2 , κ 3 > 0 and d 11 , d 13 > 0 and we will choose all other coupling constants to be negative. Again, we observe that the first nine terms in Eq. (20) exhibit three accidental U(1) symmetries, which act on the pairs of VEVs ( φ 1 , φ 2 ), ( φ 3 , φ 4 ), and ( φ 5 , φ 6 ), respectively. The rest of the terms in the potential V 1 break these symmetries and will therefore determine the vacuum alignment mechanism of the fields. First, we note that the term with the co- 
then the potential V 1 is minimized by the VEVs of the unprimed fields, which are pairwise degenerate in their magnitudes, i.e., they satisfy
and are also pairwise relatively real, i.e.,
where, in addition, the choice d 12 < 0 and d 11 , d 13 > 0 implies a correlation between the different pairs of VEVs in terms of
i.e., the relative sign between φ 1 and φ 2 is equal to the relative sign between φ 5 and φ 6 and opposite to the relative sign between φ 3 and φ 4 .
where κ 4 , κ 5 , κ 6 , and a 1 , a 2 , . . . , a 7 are real-valued constants. Note that threefold products of the primed fields are forbidden by the D 6 -charge assignment.
The discrete symmetry D 6 requires that the remaining interactions of the primed fields can be written as products of the operators φ
, and φ ′ † 5 φ ′ 6 (and their complex conjugates). Hence, the operators which involve the fields of only one of the pairs (φ
) are restricted by the symmetries D 3 and D 4 to be on the form
where a 8 , a 9 , and a 10 are real-valued constants. Furthermore, the symmetries
, and D 6 restrict the only dimension-four terms involving at least three different primed fields (or their complex conjugates) to be
In Eq. (27), we will assume that κ 4 , κ 5 , κ 6 > 0 and we will choose all other coupling constants to be negative. As in the discussion of the potential V 1 , we observe that the first nine terms in Eq. (27) exhibit three accidental U(1) symmetries, which act on the pairs of VEVs ( φ
, respectively. The rest of the terms in the potential V ′ 1 break these symmetries and will therefore determine the vacuum alignment mechanism of the fields. If we, in analogy to the potential V 1 , require that a 6 a 7 > 4a 2 4 and a 9 a 10 > 4a
then the potential V ′ 1 is minimized by the VEVs of the primed fields, which are pairwise degenerate in their magnitudes, i.e., they satisfy
and are also pairwise relatively real obeying
Note that in Eq. (29b) the pairs of the VEVs ( φ The discrete symmetry D 6 requires all renormalizable terms mixing the primed fields φ 1, 2 , . . . , 6) with the unprimed fields φ j or φ † j (j = 1, 2, . . . , 6) to have an even mass dimension. Taking the combinations in Eq. (7) and the product φ † 3,4 φ 3,4 into account (which are all D 6 -singlets), we obtain that the D 1 -invariant operator products, which mix the fields φ ′ i and φ j , must be of the types
where i 1 , i 2 = 1, 2, . . . , 6. The symmetry D 4 , which acts only on the unprimed fields, requires the combinations in Eq. (30) to be on the form φ 
where b 1 , b 2 , . . . , b 14 are real-valued constants. In Eq. (31), we will assume all coupling constants to be negative.
In order to recover the (same) vacuum alignment mechanism that is operative for the potentials V 1 , V ′ 1 , and V 7,8 also for the full SM singlet scalar potential
, we will have to ensure that the mixed terms in the potential V 2 do not induce a splitting between the pairwise degenerate magnitudes of the VEVs. If we require the coupling constants in the potentials V 1 , V ′ 1 , and V 2 to fulfill We will suppose that all of the SM singlet scalar fields break the flavor symmetries by acquiring their VEVs at a high mass scale (somewhat below the fundamental mass scale M 1 ), and thereby, giving rise to a small expansion
where i = 1, 2, . . . , 10 and j = 1, 2, . . . , 6. Such small hierarchies can arise from large hierarchies in supersymmetric theories when the scalar fields acquire their VEVs along a "D-flat" direction [67, 68] .
In the next two sections, Secs. 4 and 5, we will discuss the (effective) Yukawa interactions of the leptons that will lead to the mass matrix textures of the leptons, and eventually, to the masses and mixings of them, which will be discussed in Secs. 6 and 7.
Yukawa interactions of the charged leptons
Consider the effective Yukawa coupling operators O ℓ αβ which generate the entries in the charged lepton mass matrix via the mass terms
where α, β = e, µ, τ . (See Fig. 2 .) We will denote the total number of times that −1, 0) . Since the fields φ 9 and φ 10 cannot be involved in the generation of the e-µ-and e-τ -elements of the charged lepton mass matrix, the U(1) charge assignment immediately implies that any mass operator giving rise to these e-µ-and e-τ -elements must involve the term
In conjuction with the requirement n 1 − n 2 = 1, the symmetry D 6 implies that any further operators contributing to the operator O ℓ eµ or O ℓ eτ must have at least two powers of mass dimension more than the terms
4 . We will therefore neglect these additional operators.
From the transformation properties of the right-handed electron E e and the fundamental Froggatt-Nielsen states under transformations of the discrete symmetries D 1 and D 6 , we conclude that the operators O ℓ ee , O ℓ µe , and O ℓ τ e in the first column of the effective Yukawa coupling matrix must involve at least a four-fold product of fields taken from the set {φ 1 , φ 2 , φ 3 , φ 4 , φ 5 , φ 6 } times a field taken from the set {φ 9 , φ 10 }. Possible lowest-dimensional contributions to the operator O ℓ ee , which are consistent with the symmetries of our model, are, e.g., given by ∼ φ 10 
5 . For brevity, we will take the operator
as a representative of these contributions. The remaining operators O ℓ µe and O ℓ τ e have a mass dimension that is greater than or equal to the mass dimension of the terms in Eq. (35) . However, the effects of these terms on the leptonic mixing angles will turn out to be negligible in comparison with the contributions coming from other entries of the charged lepton mass matrix.
In total, the first row of the effective Yukawa coupling matrix of the charged leptons, which is consistent with all of the discrete symmetries, is to leading
Here the dimensionful coefficients A 1 and B 1 are given by
where the quantities Y Note that at the level of the fundamental theory, the permutation symmetry D 4 , which interchanges the second and third generations of the leptons, is also propagated to the heavy Froggatt-Nielsen states. This establishes a degeneracy of the associated Yukawa couplings and the explicit masses of these states, which is then translated into a degeneracy of the corresponding effective Yukawa couplings of the low-energy theory.
The 2-3-submatrix of the charged lepton mass matrix
In the 2-3-submatrix of the charged lepton mass matrix, the U(1) charges of the operators O ℓ αβ (α, β = µ, τ ) must be (0, 0, 0). The lowest dimensional operators which fulfill this condition as well as the constraint n 1 − n 2 = 1 are proportional to φ 3,4 /M 1 or φ 5,6 θ/(M 1 ) 2 . Furthermore, invariance under transformation of the discrete symmetries D 5 and D 6 implies that the lowest dimensional operators O ℓ αβ in the 2-3-submatrix with n 1 − n 2 = 1 are of the types
Thus, the most general 2-3-submatrix of the matrix (O ℓ αβ ), which involves only these combinations and is invariant under transformations of the remaining discrete symmetries, is found to be
Here the dimensionful coefficients C and D are given by 
where a 1 and a 2 are some complex-valued constants. Note that the terms in Eqs. (39) carry only one unit of mass dimension more than, e.g., the term φ
. When diagonalizing the mass matrix, however, it will turn out that the associated corrections to the leptonic mixing parameters and the lepton masses are in fact negligible.
The charged lepton mass matrix
Combining the results of Secs. 4.1 and 4.2, the leading order effective Yukawa coupling matrix of the charged leptons is
where the dimensionful couplings A 1 , B 1 , C, and D are given in Eqs. (36b), (36c), (38b), and (38c), respectively. Inserting the VEVs in Eqs. (29) and (22) into the corresponding operators of the matrix (O ℓ αβ ), we observe that, due to the vacuum alignment mechanism of the SM singlet scalar fields, in some of the entries of the matrix ((M ℓ ) αβ ), the spontaneously generated effective mass terms of a given order exactly cancel, whereas in other entries they do not. Furthermore, the vacuum alignment mechanism correlates these cancellations in the different entries of the matrix ((M ℓ ) αβ ) in such a way that after SSB the charged lepton mass matrix M ℓ can be of the two possible asymmetric forms
and
where we have also introduced the appropriate orders of magnitude for the matrix elements (M ℓ ) µe and (M ℓ ) τ e as well as for the "phenomenological" (in contrast to exact) texture zeros arising in Eqs. (36a) and (38a). Here m exp τ is the (experimental) tau mass. Note that a permutation of the second and third generations L µ ↔ L τ , E µ ↔ E τ leads from one solution to another. Let us consider the first one for our remaining discussion.
Yukawa interactions of the neutrinos
Consider the effective Yukawa coupling operators O ν αβ which generate the entries in the neutrino mass matrix M ν via the mass terms
where α, β = e, µ, τ and M 2 is the relevant high mass scale which is responsible for the smallness of the neutrino masses in comparison with the charged lepton masses. Since the SM singlet neutrinos as well as the Higgs doublets are D 1 -singlets, the presence of the fields φ 1 , φ 2 , . . . , φ 6 (which transform non-trivially under the discrete symmetry D 1 ) in the operators O ν αβ is forbidden. Hence, the only scalar fields that can be involved in the leading order operators O ν αβ are φ 7 , φ 8 , φ 9 , φ 10 , and θ.
Effective Yukawa interactions of the neutrinos
The operators O 
Since the U(1) charge structure of the entry O ν ee is (−2, 0, 0), the operator O ν ee is to leading order
where Y ν a is an arbitrary order unity coefficient. Note that the operators of the type in Eq. (44) We will therefore not in detail consider the structure of the highly suppressed terms that appear in the 2-3-submatrix of the neutrino mass matrix as the operator given in Eq. (44) .
In total, the most general effective Yukawa coupling matrix of the neutrinos (O ν αβ ) that is consistent with the symmetries of our model is to leading order given by
Here the dimensionful coefficients A 2 , B 2 , and B 3 are given by
where the quantity Y 
The neutrino mass matrix
Inserting the VEVs in Eq. (12) into the effective operators in Eqs. (47), we obtain from Eq. (46) the effective neutrino mass matrix (to leading order)
where we have introduced the actual orders of magnitude of the higher-order corrections to the texture zeros in the 2-3-submatrix of the matrix in Eq. (46) . Note that after SSB the symmetries determine the e-µ-and e-τ -elements to be exactly degenerate (up to a sign), giving rise to an atmospheric mixing angle which is close to maximal (higher-order corrections to exact maximal atmospheric mixing mainly come from the µ-τ -and τ -µ-elements of the charged lepton mass matrix 
Note that we have chosen the minus signs for the e-τ -and τ -e-elements due to our freedom of absorbing the corresponding phase into the order unity coefficients in the charged lepton sector. Furthermore, it is important to keep in mind that the entries "1" and "−1" of the matrix in Eq. (49) indeed denote matrix elements, which are degenerate to a very high accuracy, whereas the other entries are only known up to their order unity coefficients.
Lepton masses and leptonic mixings
From the results of the last two sections we have seen that the lepton mass matrices are given by
where again m exp τ is the (experimental) tau mass, m ν is some "absolute" neutrino mass scale, ǫ ≃ 0.1 is the small expansion parameter (defined in Sec. 3), and only the order of magnitude of the matrix elements have been indicated. In the above expression, the first matrix is the charged lepton mass matrix and the second matrix is the neutrino mass matrix. Note that the small expansion parameter ǫ is the same for both matrices. In order to find the leptonic mixing angles and the lepton masses, we have to perform diagonalizations of the above two displayed mass matrices. Let us begin with the diagonalization of the charged lepton mass matrix. Since this matrix is not symmetric and we want to extract the relevant mass and mixing parameters, we have, in fact, to diagonalize the matrix product M ℓ M † ℓ , which is a symmetric matrix. Biunitary diagonalization of the matrix M ℓ implies that U † ℓ M ℓ V ℓ = M ℓ , where M ℓ = diag (m e , m µ , m τ ) is the diagonalized charged lepton mass matrix containing the masses of the charged leptons (i.e., the eigenvalues of the matrix M ℓ M † ℓ ) and U ℓ and V ℓ are two unitary mixing matrices. Thus, we obtain
where U ℓ will be the charged lepton mixing matrix. Note that the mixing matrix V ℓ does not appear in the diagonalization of the matrix product M ℓ M † ℓ . Actually, since the matrix M ℓ is a real matrix, we have
and 
, where α = e, µ, τ and a = 1, 2, 3. Note that the charged lepton mixing matrix U ℓ is independent of the absolute charged lepton mass scale m exp τ , i.e., the tau mass. This means that the charged lepton (and, of course, the leptonic) mixing angles will not depend on the tau mass. The charged lepton masses are given as the square roots of (the absolute values of) the eigenvalues of the matrix product 
which approximately fit the experimentally observed values, i.e., (m e /m µ ) exp ≃ 4.8 · 10 −3 and (m µ /m τ ) exp ≃ 5.9 · 10 −2 [28] . Furthermore, the charged lepton mixing angles (in the "standard" parameterization) are found to be (using App. A) [69, 70, 49] 
Inserting ǫ ≃ 0.1 into Eqs. (54) - (56), we obtain θ ℓ 12 ≃ 5.72
• , i.e., the mixing angles in the charged lepton sector are all small. The mixing angle θ ℓ 12 is the only one that is not negligible. Thus, it will finally yield a non-zero contribution to the leptonic mixing angles [49] .
Next, we want to diagonalize the neutrino mass matrix M ν . The diagonalization procedure of the matrix M ν is easier than the one of the matrix M ℓ , since the matrix M ν is a symmetric matrix. Diagonalization of the matrix M ν directly implies that U
is the diagonalized neutrino mass matrix containing the masses of the neutrino mass eigenstates (i.e., the eigenvalues of the matrix M ν ) and U ν is the unitary neutrino mixing matrix. Straight-forward calculations (using App. A) yield
0.708 0.706 0 0.499 −0.501
, where α = e, µ, τ and a = 1, 2, 3. Note that the neutrino mixing matrix U ν is independent of the absolute neutrino mass scale m ν . This means that the neutrino (and, of course, the leptonic) mixing angles will not depend on this scale. The (physical) neutrino masses are given as (the absolute values of) the eigenvalues of the neutrino mass matrix M ν , i.e., m 1 ≡ |m , where m νa is the mass and m a is the physical mass of the ath neutrino mass eigenstate, respectively, are given as follows:
Note that the leading order terms in Eqs. (59) - (61) are all negative, which is natural, since we have an inverted mass hierarchy spectrum for the neutrinos. Hence, the solar and atmospheric neutrino mass squared differences are given by ∆m [8] . 6 7 Thus, we extract that m ν ≃ 0.04 eV and ǫ ≃ 0.1, which is consistent and agrees perfectly with our used value for the small expansion parameter ǫ. In other words, using ǫ ≃ 0.1 and m ν ≃ 0.04 eV for the absolute neutrino mass scale (Nobody knows where this value comes from!), we obtain the presently preferred values for the solar and atmospheric neutrino mass squared differences. Furthermore, we have that m 1 ≃ m 2 ≃ 0.05 eV and m 3 ≃ 1 · 10 −5 eV ≈ 0. Similarly, as for the charged leptons, the neutrino mixing angles (in the "standard" parameterization) are found to be (using App. A) [69, 70, 49] 
Inserting ǫ ≃ 0.1 into Eqs. (62) - (64), we obtain θ 
The leptonic mixing angles
The leptonic mixing angles (or parameters if one also includes the CP violation phase δ) are given by the leptonic mixing matrix 8 . The leptonic mixing matrix U is composed of the charged lepton mixing matrix U ℓ and the neutrino mixing matrix U ν as follows:
The matrix U ℓ (U ν ) rotates the left-handed charged lepton fields (the neutrino fields) so that the charged lepton mass matrix M ℓ (the neutrino mass matrix M ν ) becomes diagonal (see Sec. 6), i.e., it relates the flavor state and mass eigenstate bases. Thus, one can look upon the matrix The leptonic mixing matrix is sometimes called the Maki-Nakagawa-Sakata (MNS) mixing matrix [71] .
as the messenger between the mass eigenstate bases of the charged leptons and the neutrinos. Inserting the matrices in Eqs. (52) and (58) 
which fulfill the condition U † U = UU † = 1 3 to a very good accuracy. Now, the leptonic mixing angles (in the "standard" parameterization [see App. A]) can be read off as follows [69, 70, 49] :
Thus, inserting the appropriate matrix elements of the matrix U expressed in terms of the small expansion parameter ǫ (ǫ ≪ 1) in Eq. (65) into Eqs. (67) - (69), we obtain
Note that the first correction to the atmospheric (neutrino) mixing angle θ 23 is of second order in the small expansion parameter ǫ, and it is therefore very small, i.e., the atmospheric mixing angle stays nearly maximal, θ 23 ≃ π 4 . However, the first corrections to the solar (neutrino) mixing angle θ 12 and the reactor (neutrino) mixing angle (the so-called CHOOZ mixing angle) θ 13 are both of first order in the small expansion parameter ǫ and they are of exactly the same size, but with opposite sign. Thus, we have the first order relation θ 12 ≃ π 4 − θ 13 . Finally, inserting ǫ ≃ 0.1 in Eqs. (70) - (72) [72] [73] [74] . In particular, the obtained value for the solar mixing angle θ 12 implies a significant deviation from maximal solar mixing. However, the solar mixing angle is bounded from below by approximately 41
• and it is therefore still too close to maximal to be in the 90% (or 95% or 99%) confidence level region of the MSW LMA solution [23] .
As we have seen the symmetries of our model generate the hierarchical charged lepton mass spectrum as well as an essentially maximal atmospheric mixing angle. However, these symmetries only determine the order of magnitude of the entries (M ℓ ) αβ in the charged lepton mass matrix M ℓ . In order to decide whether the model can naturally give the MSW LMA solution or not, we can test the robustness of the above calculated leptonic mixing angles (and charged lepton masses) under variation of the involved order unity coefficients. 
Note that the quantity | m | becomes equal to zero when θ 12 = π 4
, i.e., when we have an exactly maximal solar mixing angle.
11 Using m ν ≃ 0.04 eV, θ 12 ≃ 41
• , and θ 13 ≃ 4
• , we find that | m | ≃ 0.007 eV, which is consistent with and below the phenomenological upper bound | m | < 0.080 eV [78] for an inverted hierarchical neutrino mass spectrum. Our value for | m | is also below the experimental upper bound obtained from neutrinoless double β-decay experiments ( Furthermore, the sum of the neutrino masses
where the m a 's are the physical masses of the neutrino mass eigenstates, is often used in astrophysics and cosmology. Inserting the expressions for the m a 's into Eq. (75), we obtain
Again using m ν ≃ 0.04 eV, we find that M ≃ 0.1 eV. There exist several upper bounds for this quantity from several different branches of astrophysics and 11 A maximal solar mixing angle could, e.g., imply the presence of a superlight Dirac neutrino. For a treatment of naturally light Dirac neutrinos using the seesaw mechanism, see, e.g., Ref. [77] .
cosmology. For example, using the presently best available data from cosmic microwave background radiation and large scale structure measurements, we have the upper bound M < (2.5 ÷ 3) eV (@ 95% C.L.) [82, 83] . Other upper bounds of this quantity come, e.g., from cosmic microwave background radiation, galaxy clustering, and Lyman Alpha Forest measurements M < 4.2 eV (@ 95% C.L.) [84] and from the 2dF Galaxy Redshift Survey M < (1.8÷2.2) eV (@ 95% C.L.) [85] . Thus, our value for the sum of neutrino masses is well below the upper bounds derived from astrophysics and cosmology. However, it should be possible to combine cosmic microwave background radiation data from the MAP/Planck satellite with Sloan Digital Sky Survey measurements, which could give an upper bound of M < 0.3 eV [86] . Then, our obtained value for the sum of the neutrino masses is rather close to this upper bound.
Summary and conclusions
In summary, we have presented a model based on flavor symmetries and higher-dimensional mass operators. This model is a modified and extended version of the model given in Ref. [49] and it naturally yields the mass matrix textures
for the charged leptons and the neutrinos, respectively. Note that these textures involve the same small expansion parameter ǫ. Our old model [49] had a symmetric mass matrix for the charged leptons, whereas the new model has an asymmetric one. Thus, our new model predicts the realistic charged lepton mass spectrum (with the order unity coefficients Y Finally, we have also (in the Appendix) presented a scheme for how to transform any given 3 × 3 unitary matrix to the "standard" parameterization form of the Particle Data Group.
A Transformation of any 3 × 3 unitary matrix to the "standard" parameterization form
The "standard" parameterization form of a 3 × 3 unitary matrix according to the Particle Data Group [28] reads
where S a ≡ sin θ a , C a ≡ cos θ a (for a = 1, 2, 3), and δ is the physical CP violation phase. Here θ 1 ≡ θ 23 , θ 2 ≡ θ 13 , and θ 3 ≡ θ 12 are the Euler (mixing) angles. Note that four of the entries of the matrix U in Eq. (A.1) are real, i.e., the 1-1, 1-2, 2-3, and 3-3 entries. Furthermore, the matrix U in Eq. (A.1) can be decomposed as follows:
where C ab ≡ cos θ ab , S ab ≡ sin θ ab (for a, b = 1, 2, 3), and O ab (θ ab ) is a rotation by an angle θ ab in the ab-plane. If δ = 0, then U 13 (θ 13 , 0) = O 13 (θ 13 ).
Here we will show how to transform any given 3 × 3 unitary matrix to the "standard" parameterization form. A 3 × 3 unitary matrix
where a, b = 1, 2, 3, obeys U † U = UU † = 1 3 (9 unitarity conditions) and is therefore characterized by 9 real parameters, since a general 3 × 3 complex matrix is characterized by 18 real parameters (9 complex parameters). Out of these 9 parameters, 3 are Euler (mixing) angles and 6 are phase factors (phases). Not all of the 6 phases enter into expressions for physically measurable quantities. Only those phases are physical 12 , which cannot be eliminated 12 In the transition probability formulas for neutrino oscillations (ν α → ν β )
where α, β = e, µ, τ ; L is the neutrino baseline length, E is the neutrino energy, J ab αβ ≡ U * αa U βa U αb U * βb are the amplitude parameters, and ∆m 2 ab ≡ m 2 a − m 2 b are the neutrino mass squared differences, we observe that the matrix elements of the leptonic mixing matrix U = (U αa ), where α = e, µ, τ and a = 1, 2, 3, only appear in the amplitude parameters J ab αβ . It is obvious from the definitions of the amplitude parameters J ab αβ ≡ U * αa U βa U αb U * βb to see that they are invariant under phase transformations of the following kind
where ϕ α , ϕ a ∈ R are arbitrary parameters, i.e., J ′ ab αβ = J ab αβ . Thus, the transition probability formulas may only depend on phases in the matrix U , which cannot be absorbed by the above phase transformations (see Eq. (A.4) for the corresponding matrix form). The number of such phases is equal to 1 (in the 3 × 3 case), i.e., the CP violation phase δ [87, 88] .
by the transformation
where the matrices Φ ℓ ≡ diag (e iϕe , e iϕµ , e iϕτ ) and Φ ν ≡ diag (e iϕ 1 , e iϕ 2 , e iϕ 3 ) can always be put on the forms Φ ℓ = e iϕ ℓ Φ ℓ ′ , (A.5) Φ ν = e iϕν Φ ν ′ (A. 6) such that det Φ ℓ ′ = 1 and det Φ ν ′ = 1, where Φ ℓ ′ ≡ diag (e iϕ e ′ , e iϕ µ ′ , e iϕ τ ′ ) and Φ ν ′ ≡ diag (e iϕ 1 ′ , e iϕ 2 ′ , e iϕ 3 ′ ). This means that ϕ α = ϕ ℓ + ϕ α ′ (α = e, µ, τ ) and ϕ a = ϕ ν + ϕ a ′ (a = 1, 2, 3) , where ϕ e ′ + ϕ µ ′ + ϕ τ ′ = 0 and ϕ 1 ′ + ϕ 2 ′ + ϕ 3 ′ = 0. Thus, we have
where ϕ ≡ ϕ ℓ − ϕ ν , and on matrix form, we find that Assuming now that the matrix U ′ in Eq. (A.8) is on the "standard" parameterization form as displayed in Eq. (A.1), we identify from the 1-1, 1-2, 1-3, 2-3, and 3-3 entries that C 2 C 3 = e iϕ U 11 e i(ϕ e ′ −ϕ 1 ′ ) = |U 11 |e i(arg U 11 +ϕ+ϕ e ′ −ϕ 1 ′ ) , (A.9) S 3 C 2 = e iϕ U 12 e i(ϕ e ′ −ϕ 2 ′ ) = |U 12 |e i(arg U 12 +ϕ+ϕ e ′ −ϕ 2 ′ ) , (A.10) S 2 e −iδ = e iϕ U 13 e i(ϕ e ′ −ϕ 3 ′ ) = |U 13 |e i(arg U 13 +ϕ+ϕ e ′ −ϕ 3 ′ ) , (A make up a system of equations. Note that the overall phase ϕ can be absorbed into the arg U ab 's, i.e., arg U ab +ϕ → arg U ab . The system of equations includes six equations and six unknown quantities, i.e., ϕ α ′ (α = e, µ, τ ) and ϕ a ′ (a = 1, 2, 3), and thus, it has a unique solution. This solution is ϕ in terms of the entries of any 3 × 3 unitary matrix U = (U ab ). Note that these parameters are uniquely determined by the entries in the first row and third column (U 11 , U 12 , U 13 , U 23 , and U 33 ) only as well as the overall phase ϕ. The other entries are completely restricted by and follow directly from the unitarity conditions (U † U = UU † = 1 3 ).
